Abstract. We define an Artin prime for an integer g to be a prime such that g is a primitive root modulo that prime. Let g ∈ Z \ {−1} and not be a perfect square. A conjecture of Artin states that the set of Artin primes for g has a positive density. In this paper we study a generalization of this conjecture for the primes produced by a polynomial and explore its connection with the problem of finding a fixed integer g and a prime producing polynomial f (x) with the property that a long string of consecutive primes produced by f (x) are Artin primes for g. By employing some results of Moree, we propose a general method for finding such polynomials f (x) and integers g. We then apply this general procedure for linear, quadratic, and cubic polynomials to generate many examples of polynomials with very large Artin prime production length. More specifically, among many other examples, we exhibit linear, quadratic, and cubic (respectively) polynomials with 6355, 37951, and 10011 (respectively) consecutive Artin primes for certain integers g.
Introduction
We define an Artin prime for an integer g (for simplicity called an Artin prime) to be a prime p with the property that g is a primitive root modulo p. Let g ∈ Z \ {−1} and not be a perfect square. A celebrated conjecture of Artin states that the set of Artin primes for g has a positive density. More generally for a fixed integer g if we set δ g (x) := #{p ≤ x; p is an Artin prime for g} #{p ≤ x; p prime} , then the conjecture predicts that
exists. Also the conjecture states that if g = g 1 g 2 2 is not a perfect power and its square-free part g 1 ≡ 1 (mod 4) then
Moreover if g = −1 or a perfect square then δ g = 0 and in all other cases δ g is a positive constant that depends on g and also is a rational multiple of A. The absolute constant A is called Artin's constant. Artin's conjecture is unresolved. In 1967 Hooley [5] proved it conditionally under the assumption that for every square-free d the Dedekind zeta function of the Kummerian fields Q(e 2πi/d , g 1/d ) satisfies the generalized Riemann hypothesis.
In this paper we consider a generalization of Artin's conjecture for the primes generated by polynomials with integer coefficients. For prime q let N q (f ) = #{n (mod q); f (n) ≡ 0 (mod q)}.
It is easy to show that if a polynomial f (x) produces infinitely many primes for values n ∈ Z + , then the following three conditions hold: (i) The leading coefficient of f (x) is positive.
(ii) f (x) is irreducible over Z.
(iii) There is no prime q such that N q (f ) = q. An old conjecture due to Bouniakowsky [3] states that the above three conditions are also sufficient.
Conjecture 1.1 (Bouniakowsky). A polynomial f (x) ∈ Z[x] produces infinitely many primes if and only if (i), (ii), and (iii) hold.
This conjecture is a special case of a far reaching conjecture of Schinzel [14] (the so called Hypothesis H) on prime values of a finite collection of polynomials. A well-known conjecture of Bateman and Horn provides a quantitative version of Schinzel's Hypothesis H. Here we state this conjecture in the case of a single polynomial. A polynomial f (x) is called a prime producing polynomial if it produces infinitely many primes. From now on we assume that Conjecture 1.1 holds (i.e. f (x) ∈ Z[x] is a prime producing polynomial if and only if conditions (i), (ii), and (iii) hold). Let π f (x) = #{0 ≤ n ≤ x; f (n) is prime}.
Conjecture 1.2 (Bateman-Horn).
Assume that f (x) ∈ Z[x] produces infinitely many primes. As x → ∞,
The constant C(f ) is called the prime producing constant of f (x). It can be shown that the product defining C(f ) is convergent (see [1, p. 364 
]).
A congruence class modulo a positive integer m is called m-allowable for f (x) if (f (r), m) = 1 for any integer r in that congruence class. Similarly we can define an m-non-allowable congruence class for f (x). Thus N q (f ) is the number of q-non-allowable classes for f (x). Note that in each m-non-allowable class for f (x) there are only finitely many n for which f (n) is prime, since any prime in such class is a prime divisor of m and such primes can be taken as values of f (x) only finitely many times. Moreover, as a consequence of Bateman-Horn conjecture, it can be shown that the integers n for which f (n) is prime are asymptotically uniformly distributed over the m-allowable classes for f (x) (see [12, p. 112] for a proof). In other words if a is in an m-allowable class for f (x) and A m (f ) is the total number of m-allowable classes for f (x), then lim x→∞ #{0 ≤ n ≤ x; f (n) is prime for n ≡ a (mod m)} #{0 ≤ n ≤ x; f (n) is prime} = 1 A m (f ) .
We postulate this as the following conjecture which plays an important role in our investigations in this paper.
Conjecture 1.3 (Uniform Distribution).
Assume that f (x) ∈ Z[x] produces infinitely many primes. Then for any positive integer m the integers n for which f (n) is prime are asymptotically uniformly distributed over the m-allowable congruence classes for f (x).
The following is proposed by Moree [12, Conjecture 3, p . 119].
Conjecture 1.4 (Generalized Artin's Conjecture). Assume that f (x) ∈ Z[x] produces infinitely many primes. For an integer g let δ g (f, x) := #{0 ≤ n ≤ x; f (n) = p is an Artin prime for g} #{0 ≤ n ≤ x; f (n) is prime} .
exists.
Combining the above conjecture with Bateman-Horn's conjecture we have
as x → ∞. The case f (x) = x corresponds to the classical Artin conjecture. It would be interesting if similar to the classical case we could develop a conjectural value for the density δ g (f ). This appears to be difficult. However, it seems possible to propose a conjectural density in certain cases.
produces infinitely many primes. Let g be a square-free integer with the property that all the primes produced by f (x) (except finitely many) stay inert in Q( √ g). Then
exists and is independent of g. Moreover,
In Section 2.3 we give a heuristic argument in support of the above density expression. Also in Proposition 3.2, under the assumption of the generalized Riemann hypothesis for Dedekind zeta function of certain number fields, we prove that the above conjecture is true for linear polynomials. The infinite product δ(f ) was first proposed by Moree [12] as a good approximation for δ g (f ). We have done some experiments in order to see how well δ(f ) approximates δ g (f ). Using a variety of quadratics f (x) and integers g with the property that all the primes produced by f (x) (except finitely many) stay inert in Q( √ g),
we numerically estimated values for δ g (f ) and δ(f ). More precisely, we used the first 500000 primes in the infinite product defining δ(f ) to find a value for δ(f ). We then found the actual value of δ g (f, X) by counting how many of the primes produced in the sequence f (0), f (1), ..., f (X) are Artin primes for g. We did this for three different values of X (i.e. 500000, 1000000, and 5000000) and recorded the difference between our approximated value of δ(f ) and δ g (f, X). A sample of our experimental data for four quadratic polynomials is given in Table 1 In contrast with the classical Artin constant, which has a relatively small value (≈ 3/8), the values of δ(f ) for four quadratic polynomials recorded in Table 1 are very large (≈ 1). 
The existence of such polynomials was conjectured, in a related problem, first by Griffin and later was explored by Lehmer [7] and Moree [12] . We now consider this problem. Let f (x) be a prime producing polynomial with integer coefficients and g be an integer. Consider the sequence (f (n)) ∞ n=0 . Let p i (g, f ) be the i-th prime in this sequence which is also relatively prime to g. Let
is not an Artin prime for g} − 1.
If the above minimum does not exist we set ℓ g (f ) = ∞. We call ℓ g (f ) the Artin prime production length of f (x) with respect to g. A natural question to ask is whether it is possible to find polynomials f (x) and integers g with very large Artin prime production length. The first known attempt for finding a polynomial f (x) and an integer g with large ℓ g (f ) was carried out by Raymond Griffin. In 1957, he proposed that the decimal expansion of 1/p should have period length p − 1 for all primes of the form 10n 2 + 7. This is equivalent to saying that the polynomial 10x 2 + 7 with g = 10 has infinite Artin prime production length, although with modern computers we can quickly determine that this length is only 16. The problem of finding f (x) and g with ℓ g (f ) = ∞ is known as Griffin's dream. Moree has conjectured that Griffin's dream cannot be realized for prime producing quadratic polynomials. Lehmer [7] considered this problem and showed that for g = 326, primes produced by the polynomial 326x 2 + 3 are expected to be Artin primes for 326 with a probability of 0.99337... (This value is corrected to 0.99323 · · · in [12] ). It turns out that the first 206 primes produced by 326x 2 + 3 have 326 as a primitive root. This is remarkable keeping in mind that by the classical Artin conjecture the likelihood that 206 primes are Artin primes for 326 is roughly In 2007 Moree [12] generalized the method used by Lehmer in order to find many quadratic polynomials f (x) and integers g with large ℓ g (f ). Note that the problem of finding f (x) and g with large ℓ g (f ) is intimately related to finding f (x) and g with a large density δ g (f ). In fact the expected value of ℓ g (f ) can be approximated by the sum
.
So a value of δ g (f ) close to 1 will result in a large value for the expected Artin prime production length ℓ g (f ).
We can use the density expression (1.1) in order to find f (x) and g with large δ g (f ) as long as all primes produced by f (x) (except finitely many) stay inert in Q( √ g). In other words we should have 
denotes the Kronecker symbol. By the quadratic reciprocity and under the assumption of Conjecture 1.3 one can find expressions for τ − D (f ) in terms of quadratic character sums with polynomial arguments (see Theorem 2.2). The computations of these sums for general polynomials are difficult, however for linear, quadratic, and some special cubics one can find explicit expressions for τ − D (f ). We can then use these expressions to prove the following useful result. Proposition 1.6. Assume that f (x) = ax n + b produces infinitely many primes and that the primes produced by f (x) are uniformly distributed among allowable congruence classes. Let D be a fundamental discriminant.
(i) If n = 1 and τ
The above proposition plays a fundamental role in our search for integers g and polynomials f (x) with large ℓ g (f ). Part (ii) of the above proposition for a general quadratic polynomial is proved in [12, Proposition 3] . The proofs of parts (i) and (iii) are given in Sections 3 and 5. The proof in the cubic case involves a careful analysis of the character sum
and its associated Jacobsthal sum
where q ≡ 1 (mod 3) is prime and u and E are integers. A section of this paper (Section 5) is devoted to the calculation of these character sums. Generalizations of these computations to the case of a full cubic f (x) = ax 3 + bx 2 + cx + d seem to be difficult. This is the reason that we restricted our attention in this paper to special cubics of the form f (x) = ax 3 + b. Another approach to the problems considered in this paper would be to study convenient ways for producing many Artin primes. Our examples of prime producing polynomials with a high density of Artin primes for an integer g provide a simple way of producing many Artin primes. We can also do similar experiments by other functions, for example one can consider Artin primes associated to linear recurrences.
The structure of the paper is as follows. We will review Lehmer's results and Moree's generalization in Section 2 and based on the ideas in [12] we describe a general method for finding Artin prime producing polynomials of a given degree with large lengths. We next demonstrate this method for linear polynomials in Section 3 and in Table 2 provide the top five linear polynomials found in our search. In Section 4 we present our modification of the presented method in [12] for quadratic polynomials. Using our modified procedure, we find a quadratic polynomial f (x) and an integer g with ℓ g (f ) = 37951. The top three quadratic polynomials f (x) of negative discriminant and their corresponding integers g found in our search are presented in Table 3 . In Section 5 we prove specific results for the case of cubic polynomials and present the cubic
which has g = 11045 as a primitive root for the first 10011 primes produced by f (x). In Section 6 we finish the article with some remarks and questions for future research.
A database of results found in this research, which includes lists of linear, quadratic, and cubic polynomials with large Artin prime production lengths and experimental data regarding the value of δ(f ) is available at www.cs.uleth.ca/∼akbary/APPP. Notation 1.7. Throughout this article p and q denote prime numbers,ā denotes the modular inverse of a with respect to a given modulus, F p denotes the finite field of p elements, and . p denotes the Legendre symbol.
A General Method

2.1.
Lehmer's Example. We start by reviewing Lehmer's result from [7] which states that a very large proportion of primes in the form 326n 2 + 3 are Artin primes for 326. The following elementary lemma provides a criterion for Artin primes. We consider primes of the form p = 326n 2 + 3. Conjecture 1.1 predicts that infinitely many such primes exist. By Lemma 2.1 if p is not an Artin prime for 326 then there exists a prime q such that q | p −1 and 326
We claim that such q cannot be equal to 2, since otherwise 326 Note that the total number of q-allowable residue classes for 326x 2 + 3 is q − 1 + . On the other hand, the probability that 326
, since the number of q-th power in
Therefore a good approximation for the proportion of Artin primes of the form 326n 2 + 3 for 326 is
Note that this infinite product coincides, for f (x) = 326x 2 + 3, with the expression for δ(f ) given in (1.1).
2.2.
Moree's Generalization. In [12] Moree generalized Lehmer's method to an integer g and an arbitrary prime producing polynomial f (x). Here we describe his generalization. Suppose that a polynomial f (x) conjecturally produces infinitely primes and has large δ(f ) as given in (1.1). In order to replicate examples similar to Lehmer's we need to look for a quadratic field Q( √ g) of discriminant D with the property that all primes of the form f (n) [12] has devised a method for finding such quadratic fields. Recall that for a fundamental discriminant D and a polynomial f (x) we defined
The following result enables us to calculate τ
. Let D be a fundamental discriminant. Let f (x) be a polynomial that generates infinitely many primes and assume that the primes of the form f (n) are uniformly distributed over the D-allowable residue classes for f (x). Let D 1 be the largest odd square-free divisor of D and assume that D 1 > 1. For j = 1, 3, 5, and 7, let
Then we have
where, for odd square-free d, a d (f ) is the multiplicative function defined by
Proof. See [12, Theorem 1] .
Using this theorem we can narrow down the search for a fundamental discriminant D with τ − D (f ) = 1.
Heuristic on Density Expression δ(f ).
In analogy with Artin's conjecture here we describe a heuristic argument that will lead to the density expression (1.1). The elementary conditions for Artin primes given in Lemma 2.1 have the following interpretation in terms of the splitting of primes in certain algebraic number fields. Let ζ q denote a primitive q-th root of unity. Consider the Kummerian field L g,q = Q(ζ q , g 1/q ). Then g is a primitive root for a prime p ∤ 2g if and only if there is no prime q for which p splits completely in L g,q .
Let P(f ) be the set of primes produced by f (x), k = q 1 · · · q s be a square-free positive integer, and
then by the Chebotarev density theorem we know that the density d k (g, id) exists. Let us assume that d k (g, f ) exists in general. So using the splitting criteria for primitive roots and by employing an inclusion-exclusion argument we arrive at
where µ(.) is the Möbius function. It can be shown that if k = q 1 · · · q s is odd and g is square-free then the fields L g,q 1 , · · · , L g,qs are linearly disjoint over Q and so
So if we can choose a square-free integer g such that all the primes produced by f (x) (except finitely many) stay inert in L 2 = Q( √ g) (in elementary terms this means that the
We continue by finding a conjectural explicit expression for
be the density of primes p ∈ P(f ) that split completely in Q(ζ q )/Q, and let d 2 q (g) be the density of prime ideals of Q(ζ q ) that split completely in Q(ζ q , g 1/q )/Q(ζ q ). Under the assumption that d q (g, f ) and d 1 q (f ) exist, it would be plausible to assume that
From the Chebotarev density theorem we know that d 
Applying the above expression for d q (g, f ) in (2.3) results in (1.1).
2.4.
A General Method for finding large ℓ g (f ). We can now present a general method for finding an integer g and a prime producing polynomial f (x) with large ℓ g (f ). The density expression (1.1) and Theorem 2.2 are the main tools in our search for Artin prime producing polynomials of large length.
(3) Determine the Artin prime production length of the polynomial f (x) with respect to g. We can also use two variations once we have found a polynomial f (x) and an integer g. Firstly we can consider f 1 (x) = f (x + d) which is simply a shift applied to f (x) and repeat step (3) for f 1 (x) and g. Secondly we can consider g 1 = k 2 g and vary over k ∈ N and repeat step (3) for f (x) and g 1 .
2.5. Analysis of the General Procedure. First of all, we note that for a given prime producing polynomial f (x) it is not always possible to find a fundamental discriminant D with τ Upon finding a fundamental discriminant D with the property τ − D (f ) = 1, steps (1) and (2) produce a polynomial f (x) and an integer g with δ g (f ) ≈ δ(f ) very close to 1 (note that for square-free g we expect δ g (f ) = δ(f )). Since the expected value of ℓ g (f ) is δ g (f )/(1 − δ g (f )) (see (1.2)) by choosing δ(f ) close to 1 we expect that ℓ g (f ) will be large.
We emphasize that a successful implementation of the above procedure will also require a moderate size for the leading coefficient (and more generally for the coefficients) of the polynomial f (x) given in step (1). It is easy to find polynomials f (x) of degree n that conjecturally produce infinitely many primes with corresponding δ(f ) arbitrarily close to 1. For example one can consider a polynomial f y (x) = ax n + (a + 2) with a = q 1 q 2 · · · q m , where q 1 , q 2 , · · · , q m are all the odd primes not exceeding y. From the definition of δ(f ) in step (1) it is evident that we can make δ(f y ) arbitrarily close to 1 as long as we choose y large enough. However as y → ∞ the leading coefficient of f y (x) grows significantly and therefore, even if we can find a suitable D in step (2), the very large size of the primes produced by f y (x) will make step (3) of the procedure computationally infeasible.
In conclusion, following our general method, the challenge in the search for pairs (f, g) with large ℓ g (f ) is twofold. On one hand we should be able to generate prime producing polynomials f (x) with large δ(f ) such that their coefficients are not significantly large, on the other hand we need to devise ways to efficiently decide on the existence of the fundamental discriminants D with the property τ − D (f ) = 1 and also be able to generate such D's.
In the next three sections we surmount some of these difficulties for linear, quadratic, and some cubic polynomials, by calculating the exact expressions for δ(f ) (see (
Consequently, following our general method, we provide more concrete procedures for linear, quadratic, and cubic polynomials in order to produce many pairs (f, g) with large ℓ g (f ) and report some of the examples we obtained. Our most impressive findings are for quadratic polynomials. This is partly due to the fact that the expression (4.1) for δ(f ) together with the known examples of the quadratic fields with the property that a long string of consecutive primes remain inert in them, allow us to find prime producing quadratic polynomials f (x) with relatively small coefficients and δ(f ) very close to 1. In contrast, in the linear case maximizing the value of (3.1) forces us to consider polynomials f y,b (x) = ax + b, with a = q 1 q 2 · · · q m , where q 1 , q 2 , · · · , q m are all the odd primes not exceeding y. Because of the large size of a (as y → ∞) in the linear examples, our findings in the linear case are modest compared to the quadratic case (our top linear example has length 6355 while our top quadratic example has length 37951). In the cubic case the expression (5.1) allows us to consider cubic polynomials with smaller leading coefficients (we can assume that the prime factors of the leading coefficients are not congruent to 1 mod 3) and therefore we can find examples of cubics with the Artin prime production length almost 1.5 times larger than the length of our findings in the linear case (our top cubic example has length 10011).
The Linear Case
We demonstrate our general procedure by applying it to linear polynomials. Let f (x) = ax + b, where (a, b) = 1. By solving the corresponding congruences in (1.1), we find
Let q > 2. We can easily establish the following character sum identity.
Using this sum we evaluate (2.2) for odd primes q and for f (x) = ax + b to deduce that
Note that a d (f ) is multiplicative on odd square free integers d, so if we let D be a fundamental discriminant and D 1 > 1 be the largest odd square-free divisor of D, we get
The following simple criterion reduces the search for a fundamental discriminant D with τ We next employ the above proposition together with some results from [11] and [13] to show that under certain assumptions Conjecture 1.5 holds for linear polynomials. 
Proof. Under our assumptions by [11, Theorem 2] the density δ g (f ) of Artin primes produced by f (x) for g exists. Moreover since all the primes produced by f (x) (except finitely many) stay inert in Q( √ g) we conclude that τ 
We observe that in all the cases g b = −1. For example if g = 4k + 3 and 4 | a then for a prime in the form an + b we have
So in (3.2) we have
We now give a procedure for finding linear Artin prime producing polynomials of large length.
Linear Procedure
(1) Select an integer a > 0 which is the product of many small primes. Note that the conditions on a and b in steps (1) and (2) ensure that δ(f ) given in (3.1) is large, and step (4) guarantees that the hypotheses of Conjecture 1.5 hold, so that δ(f ) = δ g (f ). So it is very likely that ℓ g (f ) is very large.
We have implemented the above procedure and produced many examples of Artin prime producing linear polynomials of large length. In particular we found a linear polynomial that has 1008420 as a primitive root for the first 6355 primes produced by the polynomial. We present a sample of our results in Table 2 . In the second example in Table 2 we have a = 3≤q≤127 q and in all others a = 3≤q≤101 q.
The Quadratic Case
In [12] a method for generating integers g and quadratic polynomials f (x) with large ℓ g (f ) is presented and reported that Yves Gallot by implementing that method has found the quadratic f (x) = 54151x 2 + 160744427648x+ 119471867164612830 of negative discriminant and g = 17431902 with ℓ g (f ) = 31082. Here we give a modification of the method presented in [12] to include a different range of quadratic polynomials. We then employ our modified method to find quadratics with large Artin prime production lengths. The three quadratic f (x) of negative discriminant and integers g with ℓ g (f ) > 31082 found in our search are presented in Table 3 . We will make use of the following result. 
where q ranges over the odd primes. Since
= −1 for many small q and a does not have small prime factors the value of δ(f ) will be close to 1. Therefore this Table 3 . Quadratics of Negative Discriminant With Long Artin Prime Production Lengths polynomial will produce a high proportion of Artin primes for g given in step (5) of the procedure. Finding ∆ is a crucial step in this method. Such ∆ is related to finding quadratics with a large prime producing constant. Algorithms for finding many examples of such ∆ can be found in [6] .
Our method is similar to the one originally presented in [12] . In [12] , Moree considered polynomials of the form f (x) = 2
where
= −1 for many consecutive primes q ≥ 3. The form that we use allows us to vary over b in the family f (x) = ax 2 + bx + c. In [12] it is reported that Yves Gallot has found the quadratic f (x) = 64d 1 (x + 728069) 2 − 64d 2 + 1 of positive discriminant with Table 4 .3]) and g = 66715361 with ℓ g (f ) = 25581. We also implemented the method given in [12] and using d 1 = 373, ∆ = 2430946649400343037 (taken from [6, Table 4 .6]) we found f (x) = 32d 1 (x + 4685199) 2 − 32d 2 + 1 of positive discriminant and g = 675 with ℓ g (f ) = 26187. By using the same method we also found f (x) = x 2 + 3543608x + 13598861653501886604 of negative discriminant and g = 69870828 with ℓ g (f ) = 35521.
The Cubic Case
In this section we study Artin prime producing polynomials of the form f (x) = ax 3 + b. The following proposition plays an important role in our investigations.
Proposition 5.1. Let q be a prime number not dividing the integer m. The decomposition of x 3 − m modulo q is as follows.
, where u 1 , u 2 , and u 3 are distinct elements of
Proof. See [4, Proposition 6.4.14].
5.1. Proportion of Primitive Roots. We evaluate δ(f ) for f (x) = ax 3 +b with (a, b) = 1 by computing the number of solutions to the following two congruence equations using Proposition 5.1.
Then the cubic version of (1.1) is
where q ranges over the odd primes. The letters in the subscripts of the products refer to the conditions in the number of solutions of congruences modulo q. For example (a), ((B) or (C)) indicates that q either satisfies the conditions (a) and (B) or it satisfies the conditions (a) and (C).
Observe that for f (x) = ax 3 + b we have
where q ranges over the odd primes. For
≡ 1 (mod q) for many small consecutive primes q where q ∤ a and q ≡ 1 (mod 3). Considering this fact in (5.1) shows that if (a, b − 1) does not have small odd prime divisors, then δ(f ) will be more likely to be large. So the problem of finding f (x) = ax 3 + b with large δ(f ) is related to finding integers a and b such that f 1 (x) = ax 3 + (b − 1) has large C(f 1 ).
5.2.
A formula for a D 1 (f ). In order to find an expression for τ − D (f ) for cubic polynomials we need to compute some special character sums. For prime q ≡ 1 (mod k) the Jacobsthal sum φ q,k (E) and its associated sum ψ q,k (E) are defined as
For odd k it is known that
where E is the modular inverse of E mod q (see [8, page 104, equation (5)]). For k = 3 this latter identity in combination with the definition of ψ q,k (E) implies
Note that φ q,3 (E) can be explicitly evaluated. We will describe its computation in the next section.
Lemma 5.2. Let q be an odd prime. Then
If q = 3 or q ≡ 2 (mod 3) then the map x → x 3 from F q → F q is one to one (see [10, Theorem 4.13] ). So if q ∤ a we have
Finally assume that q ∤ a and q ≡ 1 (mod 3). Then from (5.2) we have
Recall from Theorem 2.2 that for odd square-free d the multiplicative function a d (f ) is defined by
We next find a formula for a q (f ) for odd prime q.
Lemma 5.3. Let q be an odd prime and f (x) = ax 3 + b where (a, b) = 1.
2 b is a cubic non-residue mod q.
Proof. The result follows from a straightforward application of Lemma 5.2 and Proposition 5.1. Note that when q ≡ 1 (mod 3), E is a cubic residue mod q if and only if E q−1 3 ≡ 1 (mod q) (see [10, Theorem 4.13] ). Also since q is a prime in the form 3k+1 then k = (q−1)/3 is even, so −a 2 b is a cubic residue mod q if and only if a 2 b is a cubic residue.
The following proposition is a simple consequence of Lemma 5.3 and the multiplicativity of a d (f ) for odd values of d.
Proposition 5.4. Let D 1 be an odd square-free integer. If D 1 has a prime divisor q such that q ∤ a and one of the conditions q | b, q = 3, or q ≡ 2 (mod 3) holds, then a D 1 (f ) = 0. Otherwise
where (1) is the condition that q ≡ 1 (mod 3) and a 2 b is a cubic residue mod q and (2) is the condition that q ≡ 1 (mod 3) and a 2 b is a cubic non-residue mod q.
5.3.
Computing the Jacobsthal sum φ q,3 (E). The formula for a D 1 (f ) given in Proposition 5.4 will be useful only if we can compute the Jacobsthal sum φ q,3 (E) for q ≡ 1 (mod 3).
In this section we obtain formulas to compute φ q,3 (E). If q ≡ 1 (mod 3) then there are integers A and B uniquely defined by
(See [2, Theorems 3.0.1 and 3.1.1] for a proof.) The following proposition provides convenient formulas for φ q,3 (E) in terms of the representation q = A 2 + 3B 2 .
Proposition 5.5. Let E be an integer not divisible by prime q ≡ 1 (mod 3), then
Proof. See [2, Theorem 6.2.10].
Formulas given in Propositions 5.5 can be used in the implementation of our upcoming cubic procedure. Let q be a divisor of D 1 such that q ∤ a. From Lemma 5.3 we know that the only possible non-zero value of a q (f ) are either (
q .
In the former case q ≡ 1 (mod 3) and a 2 b is a cubic residue mod q and in the latter case q ≡ 1 (mod 3) and a 2 b is a cubic non-residue mod q. From Proposition 5.5 we know that if a 2 b is a cubic residue mod q then (1 + φ q,3 (ā 2b )) is equal to 2A. So in this case a q (f ) = ±1 implies
Since |A| ≤ √ q (recall that q = A 2 + 3B 2 ), from the above identity we conclude that 2 √ q ≥ q − 3 and so 4q ≥ (q − 3)
2 . Because q ≡ 1 (mod 3), this is only true if q = 7. Next if a 2 b is a cubic non-residue modulo q, then from Lemma 5.3 we conclude that if We briefly explain why this works. Recall that our aim is to make δ(f ) in (5.1) as close as possible to 1. In order to do this we need to ensure that #{s (mod q)|f (s) ≡ 1 (mod q)} is zero for as many small primes q as possible. For q = 3 and q ≡ 2 (mod 3), the equation f (n) ≡ 1 (mod q) has no solutions only if q | a and q ∤ b − 1. Now because of our choice of A, we have that many such small primes (i.e. 3 and odd primes q ≡ 2 (mod 3)) divide A. Since (a, b − 1) = 2 α (A, B) = 2 α we conclude that such q does not divide b − 1. Thus #{s (mod q)|f (s) ≡ 1 (mod q)} is zero for such small prime q as we required. For q ≡ 1 (mod 3), we have
Since A and B are such that (A 2 B) q−1 3 ≡ 1 (mod q) for many small q ≡ 1 (mod 3), expression in (5.1) shows that such a q does not reduce the value of δ(f ). So we expect a large value for δ(f ). So for this f and g found in step (3) of the procedure we expect to obtain a large ℓ g (f ).
We implemented this procedure and found many examples of cubics f (x) and integers g with large δ(f ) and ℓ g (f ). A sample of our findings is given in Table 4 . Note that these polynomials are all in the form a(x + d) 3 + b for integers b and d and In this paper we focused on the problem of maximizing δ(f ), as defined in (1.1) for any prime producing polynomial f (x), when f (x) varies over prime producing polynomials of fixed degrees. We note that δ(f ) is well defined for any polynomial f (x) with the property that N q (f ) = q for any primes q ≥ 3. From the above investigations we speculate that The answer to the supremum question for polynomials of degree n is positive. In order to see this, for y > 0 let q 1 , q 2 , . . . , q m be all the odd primes not exceeding y. Let a = q 1 q 2 . . . q m . Take ,
where N q (f y ) = q. It is clear that δ(f y ) → 1 as y → ∞. We also note that it is possible to construct quadratic polynomials f y (x) = x 2 + bx + c with b = 0 and δ(f y ) arbitrarily close to one. In order to do this let ∆ be an integer with the property that It is clear that δ(f y ) → 1 as y → ∞. We can also consider the following question.
Question 6.2. Is it true that for any polynomial f (x) we have 0 < δ(f ) < 1?
For linear f (x) the answer is yes by (3.1) and the fact that we have 0 < q 1 − 1 q(q − 1) = A < 1.
In [12, Proposition 4] , it is proved that δ(f ) < 1 for quadratic polynomials. The next question is motivated by Question 6.1 and the relation (1.2) between δ g (f ) and ℓ g (f ). In [12, Theorem 2] it is conditionally proved that for quadratic polynomials the answer to the above question is positive. It appears that the proof extends to prime producing polynomials of the form ax n + b. Another question motivated by the size of the leading coefficients a(f ) of polynomials f (x) in our findings in this research is the following. Following the procedure described in this paper one may speculate that for linear polynomials f (x) = ax+ b the quantity ℓ g (f )/a(f ) is bounded. Note that for a prime producing polynomial f y (x) = ax+b, where a is the product of all the odd primes ≤ y and (a, b−1) = 1, and a suitable g coming from τ 
≈
1 − 1/y log y e y (1/y log y) .
It is clear that the latter expression approaches zero as y → ∞. So motivated by this observation we may speculate that the answer to the above question for linear polynomials is negative. In contrast, our investigations for the quadratic case leave open the possibility of the existence of sequences of quadratics f n and integers g n with the property that ℓ gn (f n )/a(f n ) → ∞ as n → ∞. Finally, problems similar to the one discussed in [12] and this paper can be considered for primes generated by a family of polynomials. For example for two polynomials f 1 (x) and f 2 (x) and a fixed integer g, we can consider integers n where both f 1 (n) and f 2 (n) are prime. Then the Artin prime production length ℓ g (f 1 , f 2 ) is the number of such n in a row where both primes have g as a primitive root. One can develop procedures, in line with the one developed in this paper for the case of a single polynomial, for finding integers g and polynomials f 1 (x) and f 2 (x) with large ℓ g (f 1 , f 2 ). We have done some preliminary experiments for the case of two quadratic polynomials. We present a sample of our results in Table 5 . 
